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Question 1 [20 marks] 
For (x? + 3)y” — 2xy! + 2y = 0 


a) Find the Wronskian. 
b) Check that y, = x is a solution. 
c) Find the general solution. 


d) Find a solution satisfying y(0) = 1, y/(0) = 0 
Question 2 [20 marks] 


a) Find the general solution to 
y" = Gy’ + By = ev 


b) Find two linearly independent series solutions of the form y = > Giga” 


n=0 


for (x? + 3)y” — 2y = 0. 
Question 3 [20 marks] 


a) Apply separation of variables to the heat equation 


Ou Ou 


Ot Ox? 
to obtain two ordinary differential equations in which ¢t and x are respectively the 
independent variables. 
b) Find series solution of the form u(x,t) = ye Xn(x)Y,(t) for the heat equation in part 
n=0 
a) that satisfies 


u(Oct)=aLt)— 0. torally > 0, 
tie, 0) = 2a for0O<a<1 
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Question 4 [20 marks] 


a) For the two point boundary value problem 
u"+4u= f(x), u(0) =u(r) =0, 
determine the number of solution for the cases 


(i) f(x) =sina. (ii) f(x) = sin(2z) 


b) Show that every solution of wu” + (9 — 5x*)u = 0 has at least one zero in [—1, 1]. 


Question 5 [20 marks] 


a) Determine the critical points, their type, and their stability for the system 


S = @-2 
a = y 
dy 

Ba. eS. “9 

lt r+y 


b) Rewrite the second order nonlinear equation 


ds 
—~ = sin(2x 
7p (22) 
as a system of two first order equations. Sketch the phase-plane trajectories and 


discuss the critical points and periodic solutions. 
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